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Abstract

This paper considers the use of Riemann-Liouville fractional calculus’
operators to reduce linear ordinary or partial differential equations with
variable coefficients to simpler problems by means of certain commutative
differential relations (known in the literature also as similarities, or transmu-
tations). In this way, we can avoid the singularities in the original equations.
In particular, here we use as an example the case of the well-known Bessel
differential equation. Moreover, we obtain an extension for the known inte-
gral representation of the Bessel function.
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1. Introduction

The relevant role played by the special functions in solving numerous
models in Mathematical Physics is well known, since most of these func-
tions are solutions to linear differential equations with variable coefficients
of polynomial type.

The classical methods for solving the aforementioned differential equa-
tions involve using of series with indeterminate coefficients when search-
ing for a solution around a regular point, and the Frobenius method when
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obtaining solutions around regular singular points. The latter technique
implies considering several particular cases, depending on the roots of the
characteristic equation.

In this paper, we show the efficiency of the technique using the Riemann-
Liouville operators of fractional calculus (FC) to reduce linear differential
equations with variable coefficients to more elementary equations, and thus
to avoid the singularities of such equations. In this way, making changes of
variable implied by the fractional calculus’ operators, we can represent the
most frequently used special functions in terms of some basic functions, and
then we can obtain solutions of the original equations in a simpler form.
Such representation also allow us, in many cases, to extend the integral
representation of the special functions involved.

In a more general setting, this approach is known as transmutation
method for solving differential equations, or in principal, for using some in-
tegral (or integro-differential) transformation to derive the solution of a new
or more complicated problem, by reducing this problem to a simpler one,
whose solution is already known or exhibits simpler behaviour. For details
related to notions and method of transmutations (similarities between op-
erators) we refer the reader for example, to Delsarte and Lions [6], Hearsh
[10], Dimovski [7], [8], Kiryakova [12], etc. Using operators of classical or
generalized fractional calculus as transmutation techniques for solving or-
dinary differential equations with variable coefficients (including of higher
integer or of fractional order, and generalizations of the Bessel equation)
has been demonstrated in series of works, for example by Kiryakova et al.
[12, Ch. 3], [15], [2], [14]; and for extending integral and differential repre-
sentations of the basic classes of known special functions to wider domains
or ranges of parameters, or obtaining new formulas for them, by Dimovski
and Kiryakova [9], Kiryakova [12, Ch. 4], [13], etc.

In this article we consider, only as an example, the Bessel differential
operator and its relationship with the Riemann-Liouville operators of FC,
as well as the solution to the Bessel equation.

The paper is organized as follows: in Section 2, which is of introductory
nature, we recall some definitions and properties of the Riemann-Liouville
operators and give a set of properties that relate these operators with the
differential operator § = xD, where D denotes the usual differential op-
erator. The key result is shown in Section 3, and applied to the Bessel
differential equation in Section 4, where we illustrate also a generalization
of the known integral representation of the Bessel functions.
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2. Preliminary results

In this section we remind the definitions of some operators of the frac-
tional calculus, along with a set of their properties, used in our next dis-
cussion (For more details see, for example, Samko, Kilbas, Marichev [17];
McBride [16]; Kilbas, Srivastava, Trujillo [11]).

DEFINITION 1. (Riemann-Liouville (R-L) operators of fractional cal-
culus) Let o > 0, withn —1 <a <nandn €N, [a,b] C R and let f be a
suitable real function (for example, it suffices if f € Li(a,b)). The following
definitions are well known:

12 N)@) = - /x(x—t)“‘lf(t)dt @>a) (1)

T(a)

(D)) = DYIMTef)@)  (¢>a) 2)
b

e @) = Fj(l) / (o) 'y dt (z<b) 3)

(DEf)@) = DI°H),  (z<b) (4)

where D is the usual differential operator.

DEFINITION 2. (Generalized Riemann-Liouville (R-L) operators) Un-
der the same conditions for the function f as in the above definitions, let g

be a real function such that its derivative ¢’(x) on [a,b] is greater than 0.
Then:

. 0 o
12, D) = )/(( A @0 )

I(a z) — g(t)
(Day; of)(@) = Dyl ) (z>a) (6)
b !
Ui aDE) = iy [ <g<t§]£t)gf<a(c§)>1-a @ e
(D, o @) = (1)"Dg(LZ0 )(x),  (x <) (8)

1 n
where DZ = ( ; D) )
g ()

In particular, for the function g(x) = 2™, m € N, and a = 0 we obtain
the following fractional integration operators (with respect to g(x) = z™):
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I0)@) = U wn§e) = s /Oz@m—tm)a—lf(t) atm

rmo 1 .
- o /O (1= 2™ f(g2) do™ (3> 0) )
Dy f)(x) = (D§y, g f)(x) = (=Dp)" (I3 f)(x) (z>0). (10)

For example, if « =1 and x > 0, we have:
(Inf)(z) = / f(t) at™ = m/ f(t) 1t dt (11)
m(Dy, f)(x) = x7™(6f)(x), (12)

where the known notation 6 = zD is used.

Evidently, the following relations hold:
(DLIL (@) = f() (13)
(DL ) (x) = A P SR = fr) — £0), (14)

and the following two properties are also well known:

PROPERTY 1. Let f be a suitable function (for instance, locally in-
tegrable or continuous) and «, > 0. Then the following relations hold
(known also as semi-group properties):

IS IV f)@) = IS )() (15)
IS5 f)(z) = (ISPf)(). (16)

PROPERTY 2. Let > —1landa >0 (n—1<a <n,neN). Then
rpg+1) _
pagmt = _LOTD  m(g-a) 17
m® Ng—a+1) “ (17)
Next, we present some properties of the FC operators that are essentially
used in proving the key result in this paper.

PROPERTY 3. Let f be a real differentiable function of order 1 in a
certain interval I C R, v € R, and m € N. Then:

(0 27)f () = (27 (v + 6)) f (). (18)
Proof. (627)f(x) =z (y 27" f(z) +27Df(x)) = (27( +7))f(z). w
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PROPERTY 4. Let f be a real differentiable function of order 2 in a
certain interval I C R. Then:

D?f(x) = (2720(6 — 1)) f(x). (19)
P r o o f. Using Property 3, it follows that:
D*f(x) = (2716)* f(z) = (a7 'd2718) f(x) = (2726(8 — 1)) f(x).  (20)

[
PROPERTY 5. Let a > 0, m € N, and let f be a suitable function in a

certain interval I C R (for instance, f € C1(I), that is, differentiable with
a continuous derivative). Then:
(I0) f(2) = ((6 — ma)Iy,) f(x) (21)
and
(D50)f(x) = ((6 + ma) D7) f (), (22)
where 1Y and Dy, are the generalised R-L fractional integration and differ-
entiation operators as in (9) and (10), respectively.

P r oo f. Using Property 3,

rme 1
I @) = fos [ A=)
mao 1
e — 2™l o f(x2)d2™
— f [ = s e

X

ma 0 1 ol m e 1 S N
_F(a)xal‘/o(l_z ) f(z2)dz _I‘(a)é/o(l_z )1 (22)dz

T 1
~ (5= ma)fs /O (1= 2™ L f(e2)d=™ = ((6 — ma)I2) f ().

The proof of the second relationship is analogous. [ ]

PROPERTY 6. Under the same hypothesis as in the above property, the
following relations hold:

(Lyz™™0) f(x) = (27315 ) (f(2) — f(0)) (23)
and
(Dpz™™0) f(x) = (27" Dy, ) (f () = f(0)), (24)
where I}, is the Riemann-Liouville fractional integration operator in (9).
In particular, for f(0) =0 we have

(700 ) () = (Lpa™™0) f (). (25)
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P 1o of The proof follows from (12), (13), (14) and Property 1:
(x7™81%,) f(x) = (mDy, I5) (L, D) f () + f(0)]
= (mDy, I, 15 Dyy,) f () + (m Dy, I, £(0)
= (mIy Dy, f () + (mDy 1) f(0) = (Iga™™8) f () + (z~"815,) f(0).
The proof for the second relationship is analogous. -

PROPERTY 7. Let v >0, n—1 < a <n,n €N, and m € N. Then,
D¢ () = 0 if, and only if:

P(x) = Z C ™), (26)
k=1

Practically, in this paper we use the properties of the generalized R-L
operators (9), (10) when m = 2.

3. Commutative rule (Similarity relation)

The purpose of this section is using the fractional calculus operators to
obtain a commutative rule that can serve as a tool for reducing differential
equations with variable coefficients to other simpler differential equations.

LEMMA 1. Let f be a differentiable function of order 2 in a certain
interval I C R, with x # 0. For the Bessel differential operator

D o
Lo =D?+—= - —, 27
+ x  x? (27)
the following alternative representation holds in terms of the operator ¢:
Lof(z) =272(6 — a)(0 + @) f(x). (28)
P roof. Using (19), one can write
-1 2
—92 ) (07
La = X 5((5 — 1) + — ﬁ
= 2706 —1)+6—-a} =272 — )0+ a).

[

Next, we present a commutative (similarity) property applicable to the
Bessel differential operator L, and a fractional differentiation operator of
order av+ 1/2.
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THEOREM 1. Let f be a differentiable function of order 2 in a certain
interval I C R, x # 0, L,, be the operator (27) and T® - the operator defined

by )
1 1
T =2°D5 2 (a>0, n—1l<a+y<n neN) (29)
1
where D;H_Q is the Riemann-Liouville fractional differential operator in
(10). Then the following similarity (generalized commutativity) relation-
ship holds:

(T*D?)f(x) = (LaT*)(f(x) = £(0)). (30)

Proof. Let us consider the operator T% = waDg (6>0n—1<f<n,
n € N), with 3 = (a) € R. Then, using properties (18),(19),(22), (24), it
follows that:
(T*D?)f(x) = (z*Dyz~%(6 — 1)0) f ()
= (¢*(8 +1+28)Dya0)f(z) = («”(§ + 1 +20)2~26 Dy)(f(z) — £(0))
= (@726 + 12— a+2B)( — a)z® DJ)(f(2) — £(0)).
Then, letting 8 = o + %, we obtain (30). [

REMARK 1. The so-called hyper-Bessel differential operators as a nat-
ural generalization of the Bessel operator (27),(28) have been introduced
by Dimovski in 1966, and considered in a series of works by Dimovski and
Kiryakova, as [7],[8]; [9]; [12, Ch. 3], [14]. These are singular linear differ-
ential operators of arbitrary integer order m > 2 with variable coefficients,

of the form
m m—1

d d d
B=gz" |:ﬂ§m +ajz™ ! + ot ame1r— + am

dz™ daxm—1 dx

=z7Q,, <$dw> = :UQO%:L““% . .xam*1%$am,

with arbitrary real coefficients / parameters and m-th degree polynomial
Qm of the operator § = d/dx. For m = 3 =2, a; = 1,a2 = o?, B turns into
the Bessel operator Lo, (27)-(28). The transmutation operator T for which
the similarity (generalized commutativity) relation D™ f(x) = BT f(x)
holds (under zero initial conditions), as analogue of (30), is recently called
Poisson-Dimouski transformation, see [7], [8], [9], [12, §3.5], [14], etc. As a
matter of fact, the FC operator T, in (30) is a modification of the “Poisson
transformation” arising from the representation of the Bessel function by
means of the Poisson integral formula.
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4. Application

In this section we apply the results from Theorem 1 to obtain explicitly
the solutions to the Bessel differential equation:
2

" y/ 4
y+x+<1—x2>y—0 (m>0). (31)

We also show that one of the solutions extends the well-known integral
representation of the Bessel function (known as Poisson integral formula)
for all v € R.

First, we note that equation (31) may be written in terms of the L,-
operator (27), with a = |v|, as follows:

(Lo + Dy(x) = 0. (32)
Making change of variable y(z) = T“(z(z) — 2(0)) in equation (32) yields:
(La + Dy(x) = T*[(D* + 1)2(2) - 2(0)] = 0, (33)

since

(Lo + Dy(x) = ((La + 1)T*)(2(x) — 2(0))
= (LoT + T%)(2(z) — 2(0)) = T*[(D? + 1)2(z) — 2(0)].

Therefore, by using the fractional calculus operator T}, as transmutation
(similarity) operator, we can avoid the singularity o = 0, and can obtain
a solution to the Bessel equation at every point x = x (in the case xzy = 0,
we obtain a solution in any neighborhood of this point), by simply choosing
a solution to the basic differential equation:

(D? +1)z(z) = 2(0), (34)
that is,
z(x) = Cysin(z) + 2(0) (C; a real constant). (35)

We shall choose the solution z;(x) = sin(x), which yields the following
solutions for the Bessel equation (31), valid for any real value of v:

1
yi(z) = @Dy ) sin(x)
9l-n x|l/|

= x~ " xa: —2yn==3 ¢ gin
_F(n_(‘y‘+%))( ' D) /0(2 t2) t sint dt, (36)

withz > 0and n—1< |v|+ 3 <n.

Up to a constant multiplier, the expression (36) represents the Bessel
function of order v, and, given the appropriate restrictions, matches its
integral representation. For example, for a = |v| < 1 it holds that:
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n@) = @05 D) = (1 ) oste)). (31)

as a variant of the Poisson integral formula. See, for instance, Abramowitz
and Stegun [1].

A generalization of (37) for the so-called hyper-Bessel functions as so-
lutions of hyper-Bessel differential equations (B + 1)y(z) = 0 of the form
analogous to (31)-(32), called generalized Poisson integral formula, can be
found in [9], [12, §3.7], [13].

Finally, let us point out that various procedures exist for obtaining a
linearly independent second solution y2(x) from y;(x) for the Bessel equa-
tion (31). The most natural method is to reduce the Bessel equation to a
first order linear equation, for which we already know a solution, and then
to solve that equation directly. We can also extend the method used for
obtaining y;(x): 1

o) =) [ e

z (y1(z))?
2opite 1
2

1
= [( >sinx] / - 3
2ot (D;Jr? sin x)

dz. (38)

Additionally, keeping in mind property (26), it directly follows that
every solution to
(D* +1)2(z) = 2(0) + 2227V, (39)

is also a solution to the Bessel equation (32), except for x = 0, as long as
z(x) displays suitable behavior at z = 0.

Finding a particular solution to equation (39) is easy under the corre-
sponding restrictions:

zp(x) — 2,(0) = /0 " o) (sin(z) cos(t) — cos(z) sin(t)) dt, (40)

therefore the second linearly independent solution to the Bessel equation is:

ya(z) = (an;Jr%) /x 2971 (sin(x) cos(t) — cos(z)sin(t)) dt.  (41)

0

REMARK 2. Let us point out that many other authors have studied
generalizations of the classical special functions in the framework of the frac-
tional calculus, and they have applied techniques of transmutation, similar
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to the used in this paper to solve the differential equation for the hyper-
geometric function ¢F}, to find solutions of certain fractional differential
equations involving generalized Bessel differential operators, etc. See, for
instance, [9], [12], [13], [2], and [3], [4], [5].
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